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Abstract. This study proposes a method of determining specimen width to increase the precision of
shear modulus with flexural vibration. Free-free flexural vibration tests and modal analyses were con-
ducted on Sitka spruce (Picea sitchensis Carr.) specimens 5-150 mm wide, 10 mm thick, and 300 mm
long. The specific shear modulus obtained by Goens-Heamon regression based on the Timoshenko
theory of bending varied for a large width. Specimen width to clearly identify resonance frequencies
of flexural vibration could be obtained by modal analysis. An equation was also developed to easily
determine such specimen width.
Keywords: Flexural vibration, Goens-Hearmon regression method, shear modulus, specimen width,
Timoshenko theory of bending.
INTRODUCTION
Elastic constants that dominate bending strength
can be measured through simple (nondestructive)
flexural vibration tests. With the Goens-Hearmon
regression method (Goens 1931; Hearmon 1958)
based on the Timoshenko theory of bending
(Timoshenko 1921) (the TGH method), Young’s
and shear moduli can be obtained at the same
time by conducting a flexural vibration test
without a torsional vibration test. Rectangular
beams 10-71 mm wide, 2-30 mm thick, and
180-500 mm long have often been used as small
and clear specimens (Fukada 1950; Kataoka and
Ono 1976; Norimoto 1982; Nakao et al 1983;
Tonosaki et al 1983; Yano et al 1986; Hase 1987;
Akitsu et al 1991).
The reason for adopting these dimensions is
examined in terms of the quality of vibration
detectors and the precision of the measured
shear modulus. The length/thickness ratio (l/h)
of a specimen (Fig 1) should be low enough
that the contribution of shear deflection to
flexural vibration is sufficiently large (Kubojima
et al 1996).
There have been few reports, however, on the
width/thickness ratio (b/h). The effect of b/h on
the form factor for the TGH method (s) has been
studied. Shear modulus by the TGH method is
proportional to s as subsequently mentioned.
Using brass and aluminum specimens (isotropic
materials), Puchegger et al (2003) showed that
Hutchinson’s equation (Hutchinson 2001) con-
taining b/h was applicable to the relation between
s and b/h, whereas Cowper’s equation (Cowper
1966) without b/h was not. Thus, s was a con-
stant for small b/h and decreased with an
increase in b/h. This means that shear modulus
by the TGH method is subject to b/h; conse-
quently, the effect of b/h can be ignored for
a sufficiently small b/h. Brancheriau (2006)
developed an equation for wood (an orthotropic
material) and showed that s was constant when
thickness exceeded width and decreased when* Corresponding author
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thickness was less than width. According to
Yoshihara (2009), b/h is restricted to decrease
the change in s.
It is empirically known that appearances of the
vibration modes of a plate make it difficult to
identify flexural vibration modes as a specimen
transforms from a “plate” to a “beam” when b/h
is large. When a plate is tapped, many kinds
of vibration modes such as flexural, torsional,
longitudinal, and other vibrations appear. The
resonance frequencies of flexural, torsional, and
longitudinal vibration modes can be easily iden-
tified: when a rectangular bar is tapped along
its edge line, a frequency spectrum involving
complex bending and twisting vibrations occurs,
whereas when it is tapped along its center line,
a pure bending vibration occurs (Sobue 1988).
However, it is difficult to measure the resonance
frequencies of the flexural vibration needed for
the TGH method properly in the case of a
“plate” because of the other modes mentioned.
No method has been established to differentiate
a “beam” from a “plate.” Hence, it is safe to say
that b/h is determined empirically.
We proposed a method of determining the speci-
men width to clearly identify the resonance
frequencies of flexural vibration and obtain
shear modulus using the TGH method with
high precision.
Timoshenko Theory of Bending
The apparent deflection in flexural vibration
consists of shear as well as flexural deflection.
Timoshenko (1921) added the terms shear deflec-
tion and rotary inertia to Euler-Bernoulli’s ele-
mentary theory of bending and developed the
following differential equation of bending:
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where E is Young’s modulus, G is shear modu-
lus, i is radius of gyration of a cross-section, r is
density, y is lateral deflection, and t is time.
When Eq 1 is solved under the free-free con-
dition, the resonance frequency corresponding
to the n-th mode ( fn) can be written as follows:
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2
n
2pl2
ffiffiffi
E
r
s
¼ im
2
n
2pl2
ffiffiffiffiffi
Ea
r
s
ð2Þ
where l is length of the beam, Ea is Young’s
modulus from Euler-Bernoulli’s elementary theory
of bending, and
m1 ¼ 4:730;m2 ¼ 7:853;mn ¼ 1
2
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ð3Þ
The value of kn in Eq 2 is obtained by transcen-
dental equations represented as follows:
Figure 1. Width, thickness, and length of a specimen.
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where
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Timoshenko-Goens-Hearmon (TGH) Method
Goens (1931) approximated Eqs 4 and 5 using
a Taylor series into the following formula:
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where
F m1ð Þ ¼ 0:9825;F m2ð Þ ¼ 1:0008;
F mnð Þ ¼ 1 n > 2ð Þ ð9Þ
Hearmon (1958) calculated E and G in the fol-
lowing procedure after separating Eq 8 as follows:
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and then from Eqs 10-13:
Y ¼ b aX ð14Þ
Therefore, the linear regression between X and
Y can give the values of E and G. The value
of s is theoretically 1.2 and experimentally
1.18 (Nakao et al 1984). Because the change
in s is very small, eg only about 1% within the
range of 0.1 £ b/h £ 10 (Brancheriau 2006),
s ¼ 1.18 was used in this study.
When the term 4p2rsi2fn
2/G of Eq 8 can be
ignored, the relation between T and sE/G is
written as follows:
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From comparisons of T-sE/G relations between
the rigorous and approximate solutions given
by transcendental Eqs 4 and 5 and Eq 15, the
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T-sE/G relation can be effectively expressed
by Eq 15 (Hearmon 1958; Kubojima et al 1997).
MATERIALS AND METHODS
Specimens
Sitka spruce (Picea sitchensis Carr.) was used
for the specimens, which were 150 mm wide
(radial [R]), 10 mm thick (tangential [T]), and
300 mm long (longitudinal [L]) (LR specimens),
and specimens 140 mm wide (T), 10 mm thick
(R), and 300 mm long (L) (LT specimens) were
also prepared (Fig 2). The width was decreased
in steps of 5 mm down to 15 mm. Young’s and
shear moduli were calculated using the TGH
method. Shear moduli of the LR and LT planes
(GLR and GLT) were obtained using LT and LR
specimens, respectively.
Two specimens were used under each condition.
Specimens were conditioned and tested at 20C
and 65% RH.
Flexural Vibration Test
To obtain Young’s and shear moduli by bend-
ing, free-free flexural vibration tests were con-
ducted according to the following procedure:
The test beam was suspended by two threads at
the nodal positions of free-free vibration corre-
sponding to its resonance mode and then excited
in the direction of thickness at one end using
a wooden hammer while beam motion was
detected by a microphone at the other end. The
hammer was used to tap the LR and LT planes
of the LR and LT specimens, respectively. The
signal was processed through a fast-Fourier
transform (FFT) digital signal analyzer to yield
high-resolution resonance frequencies (Fig 3).
Modal Analysis
To identify each vibration mode of a specimen,
modal analysis was conducted using an existing
finite element method program, ANSYS 14.0
developed by ANSYS, Inc. (Canonsburg, PA).
Using the LR specimens from the vibration tests
as an example, resonance frequencies of various
modes were calculated using the block Lanczos
method. The specimens were 150-5 mm wide
(decreasing in 5-mm increments) (R), 10 mm
thick (T), and 300 mm long (L). The specimens
26, 27, 28, and 29 mm wide (R) were also used.
Dividing the specimen into three-dimensional
Figure 3. Experimental set-up (FFT, fast-Fourier transform).
Figure 2. LR and LT specimens used for vibration tests
and modal analysis.
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orthotropic elastic-type elements, each element
was 1 mm wide (R), 1 mm thick (T), and 5 mm
long (L). The parameters used for modal analy-
sis were as follows: density was 390 kg/m3 and
Young’s modulus in the L (EL), R (ER), and T
directions (ET) were 11.6, 0.90, and 0.50 GPa,
respectively; the shear moduli of the LR, LT, and
RT planes (GRT) were 0.75, 0.72, and 0.039 GPa,
respectively; and Poisson’s ratios (nLR, nLT, and
nRT) were 0.37, 0.47, and 0.43, respectively. They
were values of Sitka spruce (Hearmon 1948).
RESULTS AND DISCUSSION
Figure 4 shows the relation between density
and width. To eliminate the effect of density, a
specific Young’s modulus and specific shear
modulus were discussed.
Figure 5 shows the specific Young’s and shear
moduli as plotted to width. The specific shear
modulus varied for a large width, whereas the
specific Young’s modulus showed no such ten-
dency. As listed in Table 1, the coefficient of
variation of the specific shear modulus regard-
ing width from 15-50 mm was smaller than
those regarding width from 55-100 and 105-150
(140) mm for each specimen. Changes in the
flexural resonance frequencies were considered
attributable to coupled oscillation for the higher
modes. In the case of a large width, resonance
frequencies of many modes were also measured.
It is possible that flexural resonance frequencies
for the TGHmethod could not be accurately deter-
mined from the many resonance frequencies.
In the TGH method, an accurate shear modulus
can be obtainedwhen the coefficient of correlation
of the Goens-Hearmon regression (Eqs 10-14) is
highest among calculations using all the mea-
sured resonance frequencies. Although this study
used this method of calculation, it is not realistic
Figure 5. Relations between specific Young’s and shear
moduli and width.
Figure 4. Relation between density and width.
174 WOOD AND FIBER SCIENCE, APRIL 2013, V. 45(2)
because the FFT spectrum is very complicated
and the calculations take considerable time. We
thus proposed a method of obtaining specimen
width to undertake the TGH method accurately
in a short time as subsequently described.
In this study, the maximum resonance frequency
was set at 10 kHz taking the quality of the micro-
phone into consideration. The LR specimen was
considered as an example.
There are resonance frequencies of various modes
in this range: flexural, torsional, longitudinal, and
other vibration modes. Other modes make it dif-
ficult to identify flexural vibration modes as
previously mentioned. Accordingly, it is impor-
tant that the resonance frequencies of other
modes exceed 10 kHz.
Figure 6 shows the relation between the number
of other modes by modal analysis and width. The
resonance frequencies of other modes started
appearing at a width of 27 mm and their number
rose with increasing width. Modal analysis
Figure 6. Relation between number of other modes by
modal analysis and width.
Table 1. Coefficient of variation of wood properties by width.a
Wood properties Width (mm)
Coefficient of variation (%)
LR specimen LT specimen
No. 1 No. 2 No. 1 No. 2
Density 150-105 0.7 0.6 0.1 0.7
100-55 1.0 1.1 0.3 0.2
50-15 1.2 1.8 0.2 0.4
Specific Young’s modulus 150-105 1.7 1.7 2.1 2.5
100-55 1.1 1.8 2.5 2.3
50-15 0.6 1.8 1.6 1.7
Specific shear modulus 150-105 19.2 21.1 19.8 28.4
100-55 12.0 15.3 9.3 10.0
50-15 4.8 5.5 5.3 8.2
Square of coefficient of correlation
of Goens-Hearmon regression
150-105 2.1 1.1 3.3 2.0
100-55 2.6 3.3 0.7 1.0
50-15 2.0 0.4 0.8 0.6
a L, longitudinal; R, radial; T, tangential.
Figure 7. Relation betweenminimum resonance frequency
among other modes and widths.
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revealed that the lowest resonance frequency
among other modes was the resonance frequency
of the first mode of flexural vibration by tapping
the LR plane that gives ER and GRT with the
TGH method ( fR1). Therefore, the specimen
width for fR1 ³ 10 kHz was investigated.
Such specimen width can be obtained by modal
analysis for specimens of various sizes (Fig 7).
The following shows another simple method:
Substituting b for l in Eq 15,
T ¼ 1þ h
2
12b2
F1 mnð Þ þ sER
GRT
F2 mnð Þ
 
ð17Þ
The values of h ¼ 10 mm, b ¼ 150-5 mm, ER ¼
0.9 GPa, and GRT ¼ 0.039 GPa (the same values
for modal analysis) were used.
The resonance frequency of fR1 obtained by
Eq 17 resembled that determined by modal analy-
sis (Fig 7), which means that Eq 17 is useful in
obtaining specimen width for fR1 ³ 10 kHz.
From these results, the suitable specimen width
is smaller than about 30 mm. However, when
width is approximated to thickness, attention
is required.
A specimen bwide (R), h thick (T), and l long (L)
is thus considered. Hence, Eq 15 is as follows:
Th ¼ 1þ h
2
12l2
F1 mnð Þ þ sEL
GLT
F2 mnð Þ
 
tapping the LR planeð Þ ð18Þ
and
Tb ¼ 1þ b
2
12l2
F1 mnð Þ þ sEL
GLR
F2 mnð Þ
 
tapping the LT planeð Þ ð19Þ
For specimens whose GLT is similar to GLR,
when h is nearly equal to b, Th is nearly equal
to Tb. In substituting Tb and Th into Eq 8, kn
becomes knh and knb, respectively. Therefore,
knhknb because ThTb. Hence, there is a small
difference between the resonance frequency by
substituting knh into Eq 2 and substituting knb
into Eq 2.
Optimal width is therefore considered to be
about 20-25 mm in this study. Table 2 lists
measurements of density, Young’s modulus,
and shear modulus using a width of 25 mm.
CONCLUSIONS
By changing the width of the same specimen,
flexural vibration tests and modal analyses
were conducted and the results obtained were
as follows:
1) For a large width, because resonance fre-
quencies of many modes were measured, the
resonance frequencies for the TGH method
could not be accurately determined.
2) The specimen width used to clearly identify
resonance frequencies of flexural vibration
could be obtained by modal analysis.
3) Eq 17 was useful to easily estimate such
specimen width.
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